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ABSTRACT. Let d and n be natural numbers. Let vg, : R" — RN
denote the Veronese embedding with N = N,, 4 := (”+j_1), defined by
listing all the monomials of degree d in n variables using the lexicograph-
ical ordering. Let (a,vqn(x)) € Z[x] be a homogeneous polynomial in
n variables of degree d with integer coefficients a, where (-,-) denotes
the inner product. For a non-singular form P € Z[z] of degree k (< d)
in N variables, consider a set of integer vectors a € Z", defined by

A(A; P)={a € A P(a) =0, |lall < A}.

By handling a new lattice problem via the geometry of numbers, we
confirm that whenever n > 24d and d > 17, the proportion of integer
coefficients a € A(A; P), whose associated equation fq(x) = 0 satisfies
the Hasse principle, converges to 1 as A — oo. This improves on the
recent work of the second author.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

~N O =

13
16
19
22

This paper is concerned with the solubility for random diophantine equa-
tions. By [4] and [10], we see that the positive portion of homogeneous
polynomials in a sufficiently large number of variables in terms of degree is
soluble in Q. To explain more precisely, we let vg, : R" — RY denote the
Veronese embedding with N = Ny, := ("*371), defined by listing all the
monomials of degree d in n variables using the lexicographical ordering. Let
(a,v4n(x)) € Z[x] be a homogeneous polynomial in n variables of degree d
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with integer coefficients a, where (-, -) denotes the inner product. Here and
throughout this paper, we write fq(x) = (a,v4,(x)). Define

AA) :={acZV: ||a||e < A}.

Browning, Sawin and Le Boudec [4] proved that the proportion of a € ZV
in 2A(A), whose associated equation fq(x) = 0 satisfies the Hasse principle,
converges to 1 as A — oo, provided that n > d+ 1 and d > 4. Furthermore,
Poonen and Voloch [10] proved that the portion of a € ZV in 2(A), whose
associated equation fg(x) = 0 is everywhere locally soluble, converges to
a positive constant ¢ as A — oo, provided that n > 2 and d > 2. Hence,
combining these two results, we conclude that the positive portion of ho-
mogeneous polynomial equations in n variables of degree d is soluble in Q,
provided that n > d+ 1 and d > 4.

The recent works ([9], [13]) of Lee, Lee and the second author showed that
such a conclusion on global solubility remains true even when the coefficients
a € Z" are constrained by a polynomial condition under a modest condition
on the number of variables. More precisely, let P be a non-singular form in
n variables of degree k > 2. Define

AA; P):={acZ": Pla)=0, |a]. < A}.

The second author [13] proved that the proportion of @ € Z" in 2A(A; P),
whose associated equation fq(x) = 0 satisfies the Hasse principle, converges
to 1 as A — oo, provided that n > 32d+17, d > 14 and k < d. Furthermore,
Lee, Lee and the second author [9] showed that the portion of a@ € Z" in
A(A; P), whose associated equation fq(x) = 0 is everywhere locally soluble,
converges to a constant cp as A — oo, provided that n > 2, d > 2 and
k < C(n,d) for some constant C(n,d). This constant cp is positive if there
exists a € A(A; P) such that fq(x) = 0 has an integer solution € Z" with
Vfa(x) # 0.

The main purpose of this paper is to relax on the bound for the number
of variables n > 32d + 17 for such a conclusion. The crucial ingredient for
this improvement is to handle a new lattice counting problem (see Lemma
3.1 below) which naturally arises in the argument. To do so, we use tools
from the geometry of numbers. Our hope is that this argument described
in this paper may be helpful to make further improvement.

In order to describe our main theorems, we temporarily pause here and
provide some definitions. Recall that fq () is a homogeneous polynomial in
n variables of degree d. Furthermore, for a € Z" and X > 0, we define

To(X) = {x € [1,X]"NZ": fo(z)=0).

We note here that our argument proceeds for fixed X > 0, and thus for
simplicity, we write

(1.1) w = log X
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and
(1.2) W = H pUng/long.
p<w
Observe here that an application of the prime number theorem reveals that
log W < 2w, which implies

(1.3) W< X2

For L > 0 and a € Z", we define
(1.4) o(a;L) =L " V#{g e [1,L]": falg)=0mod L}.

We notice that by the Chinese remainder theorem one has

(1.5) o(a; L) = [] ola;p").

prlIL

Then, on recalling the definition (1.2) of W, we write

(1.6) Sy =o(a;W) = [] ola;p").
pr|W

Recall the definition (1.1) of w. Put ¢ = w=*~/®4) and we introduce an
auxiliary function

we(B) =¢- (Sln?iggﬁ)f

Note here that we chose ¢ differently from [13] in order to optimize the

result. This function has the Fourier transform
oo

Be(6) = / o (8)e(—B6)dB = max{0,1 — |¢/C).

—0o0

For a € ZV and A, X > 0, we define

(17) 35 = 3(AX) = Al xnd /M (A fu()) .

Definition 1.1. Let n and d be natural numbers with d > 2. Consider the
monomials of degree d in n variables x1,...,xy,. In particular, the number
of these monomials is N = ("+g_1). Then, define vq(x) € R™ and wq(x) €
RN=" to be vectors associated with those monomials such that (vq(x)); is x4
with i =1,...,n and (wg(x));’s are remaining monomials in lexicographical
order with j = 1,..., N — n, respectively.

For example, we find that
v3(1, 22) = (:U?,:L‘g’) and w3 (z1, z2) = (1‘%1’2,1‘11‘%).

Recall the definition of fq(x), that is fo(x) = (a,vq,(x)). Let us define a
permutation [ - | : ZY — Z" in the following way: for a given (b, c) € ZV
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with b € Z" and ¢ € ZV~", the permutation [ - ] is mapping (b, c) € Z" to
a € Z" such that

(1.8) fa(®) = (b,v4(x)) + (¢, wa()).

Theorem 1.2. Let A and X be positive numbers and let n and d be natural
numbers with d > 4. Let n = 8s +r with s € N and 1 < r < 8. Suppose
that s > 3d and X?? < A < X~ Suppose that P € Z[x] is a non-singular
form of degree k in Ny, variables. Then, whenever Ng, > 200k(k— 1)2k=1
there is a positive number 6 < 1 such that

Y Za(X) - €535 < ANTAXT 2 log A) .

lallcc<A
P(a)=0

Recall the definition of N := Ny ,. In advance of the statement of the
following theorem, define a set .Agj;(A; P) of integer vectors a € ZV in
2A(A; P) having the property that the associated equation fg(x) = 0 is
everywhere locally soluble.

Theorem 1.3. Let A and X be positive numbers with X3 < A. Suppose
that n and d are natural numbers with n > d+ 1 and d > 2. Suppose
that P € Z[x| is a non-singular form of degree k in Ny, variables. Then,
whenever Ny, > 1000n28%, one has

# {a € «420,2(14; P): &535 < X" 94 Y (log A)f”} < AN=2.(log A)~"/(40n)
for any n > 0.

Proof. Only difference between Theorem 1.3 and [13, Theorem 1.2] is the
choice of ¢. One readily sees that the choice of ¢ = w414 does not harm
the argument in [13, Proposition 5.12], and thus [13, Proposition 5.12] still
holds with ¢ = w44 Therefore, we see by [13, section 6] that [13,
Theorem 1.2] holds with ¢ = w—4-1/(4d), O

Theorem 1.4. Let A and X be positive numbers. Suppose that A, X,n and
d satisfy the hypotheses in Theorem 1.2 and 1.3. Suppose that P € Zlx] is
a non-singular form of degree k in Ny, variables. Then, the proportion of
integer vectors a € Aé‘ffl(A; P) in A(A; P), having the property that

Ta(X) < A71X"(log A)~1/5,
converges to 0 as A — oo.

Proof. See the proof of [13, Theorem 1.3]. O

Corollary 1.5. The conclusions of Theorem 1.2, 1.3 and 1.4 hold ford > 17,
k <d and n > 24d in place of the hypotheses on n,d and k.
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Proof. It suffices to show that the conditions d > 17, £ < d and n > 24d
imply the hypotheses on n,d and k in Theorem 1.2, 1.3 and 1.4. For d > 17,
a modicum of computation reveals that we have

25d72

d
100087 < =

Then, we see that whenever d > 17 and n > 24d, we obtain

1 n+d—1>d_2

1000~8d<.<

— d? d

Hence, it follows that whenever k£ < d one has

d
1000 - n? - 8% <1000-8%- (n+d —1)* < (7”31) < (n+3 1) = Nyp.

Furthermore, it implies that Ny, > 200k(k — 1)2%=1. Plus, if one writes
n =8s+r with 1 <r < 8, one sees that s > 3d since n > 24d. O

Therefore, Theorem 1.4 implies that the proportion of integer vectors
a € ZV in A(A; P), whose associated equation f, () = 0 satisfies the Hasse
principle, converges to 1. Meanwhile, by [9], one finds that the proportion of
integer vectors a € Z% in 2(A; P), whose associated equation fq(z) = 0 is
everywhere locally soluble, converges to a constant cp as A — co. Moreover,
for each place of v of Q, if there exists a non-zero b, € QY such that
P(b,) = 0 and the equation fp, () = 0 has a solution = € Q!' satisfying
V fo, () # 0 (see also [3] for k = 2). Combining this with Theorem 1.4, we
conclude that the proportion of integer vectors a € Z" in 2(A; P), whose
associated equation fq(x) = 0 has a solution & € Q", converges to cp.

In this paper, we use bold symbol to denote vectors, and we write vectors
by row vectors. For a given vector v € RY, we write i-th coordinate of v by
(v); or v;. Given that nq,no,...,ns € N with ny +ng+ - +ns = n, we use
notation @ = (x1,x2,...,xs) € R” with &1 € R™, &9 € R™2, ... x; € R
where x; is a vector formed by the first n; coordinates of * and x5 is a
vector formed by the next ng coordinates of  and so on. We use notation
W @ . xO for

s
(Z) -z
x SO O)

We write 0 < & < X to abbreviate the condition 0 < x1,...,zs < X. Also,
we preserve summation conditions until different conditions are specified.
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2. AUXILIARY LEMMAS

In this section, we record some results from the geometry of numbers, and
some results in [13]. Let A be a sublattice of Z" of rank r, and let by,..., b,
be its basis. Denote by d(A) the determinant of the lattice A. It follows by
[Lemma IV.6A and 6D, 11] that

d(A)® = (detBy)?,

I
where I runs over r-element subsets of {1,2,...,n}, and B; denotes the
r X r-minor with rows indexed in I of the matrix B = (by,...,b,) formed

with columns b;. Define the orthogonal lattice A+ := {x € Z" : (x,b;) =
0 (1 <i<r)}. Define
G(A) := ged det By.
I

Then, we find from [5, Lemma 2.1] that
(2.1) d(AY) = d(A)/G(A).

Lemma 2.1. Let A be a sublattice of rank r in Z"™. Let A > d(A). Then,
the box |a| < A contains O(A"/d(A)) elements of A.

Proof. See [Lemma 1 (v), 8]. O

Lemma 2.2. Let Us(A, X) be the number of integer solutions 0 < |a;| < A
and 0 < |z;|, |zi| < X satisfying

Z ai(zd — 24 = 0.
i=1

Then, we have
US(A,X) < AsXs +As_1X28_d+€.

Proof. See [6, Theorem 2.5 O

To describe the next lemma, it is convenient to introduce some definitions.
For h € ZV, we define

In={acZV: |lal]joo <A, |la+h| < A}
Furthermore, we define
Fi(an,a2,h) = > e(on(h,van(®@) — 0z(h, van(y)))

1<z,y<X
T, yeL”

and

Fy(8,h) = Y e(8(P(a+ h) - P(a))).

acly
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Additionally, we define
Gi(a,a2) = Y |Fi(ar,a,h)[> and Go(8) = Y [Fa(B,h)*.

lhllco<2A Ao <24
hezN hezN

For any measurable set B € [0,1),a € Z" and X > 1, define

(2. A (X, B) (0t fu()) de
B 1<$<X

Lemma 2.3. For any measurable set B € [0,1), we have

1
Y Ta(X,B)? < X”/ Gl(a17a2)l/4da1d042/ Go(B)"/1dB.
lalloo<A B2 0
P(a)=0

Proof. See [13, Lemma 3.5]. O

3. A LATTICE COUNTING PROBLEM

In this section, we provide a new lattice counting problem which is essen-
tial ingredient for the main theorem in this paper. Let N(A, X) denote the
number of solutions of equations

(3.1) Z ai(xgl - sz) = Z ai(?/g - wf'l) =0

1<i<s 1<i<s
in integers a;, x;, Yi, zi, w; with |a;| < A and |x;|, |yil, |z, |wi] < X.
Lemma 3.1. Let d > 4 and s > d + 2. Suppose that A > X2 > 1. Then,
one has
(3.2) N(A,X) < ASXZS+A5_1X35_d+€+As_2X4S_2d+€E<X),
where

E(X) =1 + X2d—s+3 + X4d—28+4‘

Proof. We begin by observing that it suffices to count the number of solu-
tions of equations:

(3.3) Y aial -z =) ail —wf)=0
1<i<s 1<i<s

in integers a;, x;, Yi, zi, w; with 0 < |a;| < A and X/2 < |z;], |yil, |2, |wi| <
X. Indeed, we temporarily define

2
W(aq,az) := Z Z e(aylz?)

<A |z[<X

2

> elaaly?)

ly|<X

Then, it follows by orthogonality that

(3.4) N(A, X) / / W (a1, az)|* dardavs.
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By the elementary inequality (a + b)" < a™ 4 b™ with a,b > 0 and n € N,
we deduce from (3.4) that

I
(3.5) N(A,X)<<X4S+ASX23+/ / (W (a1, az)|*daydas,
0 JO

where
2

W(ay, ag) := Z

0<|l|<A

2
Z e(aylz?)

1<|z|<X

Y elasly?)

1<]y[<X

Let Wij(al,ag) be the portion of the sum W(al,ag) where 270X < || <
271X and 277X < |y| <2771 X. Then, by applying the Cauchy-Schwarz
inequality, one has

L L

W (ay, as) < XGZZW@(O%%)
i=1 j=1

with L = O(log X). Then, it following by applying the Hélder’s inequality
in (3.5) that

L L 1 1
(3.6) N(A,X) <<X45+A5X25+X€ZZ/ / [Wij (a1, o) |*dayda.
i=1 j=170 J0

The mean values over a; and as in the third term of the right hand side
in (3.6) count the number of solutions of a system of equations:

) Y alaf D= 3 anlul ) =0

1<k<s 1<k<s

in integers ak, Tk, Yk, 2k, wp With 0 < lag| < A and 27X < |xp|, |z <
27X and 277X < |y, |wi| < 2771 X. Meanwhile, the system (3.7) is
equivalent to

(3.8)
> ar(@ )= @7 2D = Y (@)= (2 we)?) = 0.
1<k<s 1<k<s

Furthermore, one sees obviously that the number of solutions satisfying
(3.8), with 0 < [a] < A and 27X < [z, |2z| < 27771X and 277X <
lyx|, lwe| < 27771X | is bounded above by

(3.9) S arlaf -z = D alyl —wi) =0,

1<k<s 1<k<s
in integers a;, i, Yi, 2;, w; with 0 < [a;| < A and X/2 < |zg|, lyxl, [2x], [wi] <
X . This shows that

11 11
/ / |Wij (a1, a2)*daidas </ / W11 (o, a2)|’dogdag,
o Jo 0o Jo
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for all 1 <i,7 < L, and hence it follows from (3.6) that
11
(310) N(A, X) <<X4S+ASX2S+XE/ / |W11(oz1,oz2)|sdoz1da2.
0o Jo

On noting that the third term in (3.10) is bounded by the number of so-
lutions satisfying (3.3), it suffices to show that the number of solutions
satisfying (3.3) is bounded above by the right hand side of (3.2), in order to
complete the proof of Lemma 3.1.

Let Ni(A, X) be the number of solutions counted by (3.3) where vectors
(xf—2¢, .. 2d—29) € R® and (y¢—w,...,y¢—w?) € R* are linearly depen-
dent over R First we bound the number of solutions counted by N;(A, X)
satisfying ¢ — 28 # 0 for all 1 <i < s.

The linearly dependent condition implies that there exists ¢ € Z such that

(3.11) c(zd — 28) = (y? — wf) with 1 <i < s.
Consider the case ¢ = 0. This gives yi = wz- for all 1 <i < s. Hence, the
system (3.3) of equations, satisfying (3.11) with ¢ = 0, implies that

s

(3.12) Zaz(xd—z)—()andyz—w (1<i<s).
i=1
Therefore, since the number of solutions y; and w; satisfying yld = wf-l

with |y, |w;] < X is O(X?®), it follows by Lemma 2.2 that the number
of solutions z;,y;, i, w; satisfying (3.12) with 0 < |a;| < A and X/2 <
|:Ei|, |yl|, ‘Zi|, |U}Z‘ <Xis O(ASXQS + As_lXSS_d+6).

Consider the case ¢ # 0. Then, the system (3.11) of equations implies

(3.13) (yf —wi)(af —2) = (4 —w)(af —20) 2<i<s).

Furthermore, the system (3.3) of equations with 2§ —2¢ # 0 forall 1 <4 < s
implies that

S
(3.14) Zai(x‘ij—zid):Oand 28— 2840 (1<i<s).

i=1
On noting that y¢ —wd = (y; —w; )(yfli1 +-- -+w?71), we infer that for given
y1, w1 and a;, T4, Z (1 < i < s) satisfying (3.14), the number of solutions
yi,w; (2 <1 <s)is O(X) by the standard diVibOI“ estimate. Indeed, we
ruled out the case y; = w;, since otherw1se x¢ = 2¢ by (3.13) and the first
equation in (3.11), which contradicts z¢ — z¢ # 0 (1 < ¢ < s). Therefore,
on noting by Lemma 2.2 that the number of solutions a;,z;,z; (1 < i <
s) satisfying (3.14) is O(A*X® + As~1X?2574%€) and that the number of
possible choices of y1,w; is O(X?), we find by discussion above that the
number of solutions a;, z;, ¥i, zi, w; (1 < i < s) satisfying (3.13) and (3.14)
is O(AsX*+2 4 As~1X257d+2+¢) To sum up, we conclude that the number
of solutions counted by Ny(A, X) with 2¢ — 28 #0 for all 1 <i < s is

(3.15) O(ASXQS + A3—1X35—d+6)‘
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Next, assume that the number of indices ¢ such that :L'? — zfl = (0 with
1 <i<sisr (#0). We denote the set of these indices ¢ by I with |I| = 7.
Then, the systems (3.3) and (3.11) of equations reduce to

(3.16) S el — ) = Y el —wt) = 0

il i¢l
and

(3.17) claf —z)y =yl =2 (i ¢ 1)
and

(3.18) yd—wl=0(iel).

From the discussion leading to (3.15), we find that the number of solutions
ai, Ti, Vi, Zi, w; (1 € I) satisfying (3.16) and (3.17)

(3.19) O(AS—TX2(s—r) + AS—T—1X3(S—T)—d+5)‘

Since the number of possible choices of a; (i € I) is O(A"), and the number
of solutions z;,y;, w;, 2 (i € I) satisfying (3.18) and ¢ — 28 =0 (i € I) is
O(X?"), we conclude by (3.19) that the number of solutions a;, z;, yi, 2, w;
satisfying (3.16), (3.17) and (3.18) together with z¢ — z¢ = 0 (i € I) is
O(AsX?ste 4 As—1 x3s—r=d+¢) Therefore, by summing over the cases with
0 < r < s, we conclude that is

(3.20) Ni(A, X) < ASX? 4 As—Lx3s—dte,
We denote by Ny(A, X) the number of solutions counted by (3.3) where
the vectors (¢ — 2¢,..., 2% — 29) € R® and (y§ — w?,...,y? — wl) € R® are

linearly independent over R. We bound this quantity via an application of
the geometry of numbers. For fixed x,y,z, w contributing to No(A, X) we

denote
vl =z oyl —wf
AZ:det d d d d |-
+J x:y — 2 Y — W
J J J J

Then, just as in [5, Lemma 2.5] we have by Lemma 2.1 the following bound.

cdicicics Nij

(3.21) No(A, X) < As72 > Ssicjss A”

X/2<x,y,z,w<X THAX1<i<j<s Bi,j

A; j7#0
for some 1<i<j<s
1

(3.22) < A2 > ~— Y Diy(X, D),

X/2<a1 g1z, <X 2 DAL,

X/2<w2,y2,22,w2 <X
Ag221

where ¢5(X, D) = ¢s(X, D; 1,22, Y1, Y2, 21, 22, W1, w2) denotes the number
of solutions

T3y ey TgyY3yevy Ysy 2350y 25, W3, ..., wWs € NN [X/2) X],
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to the system of congruences

(zd — zfl)(y? - w;l) = (:1:? - zjd)(yéi —wd) mod D forall 1<i<j<s.

We prove a bound on 1,(X,D) when 1 < D < 8X?¢ by defining the
quantity
m(x, y,z, W) = 331]28{(D7 x;i - Z;i), (‘D’ y? - w;l)}’
and consider those solutions counted by ¢s(X, D) satisfying m(x,y,z, w) =

[, we denote the quantity of these solutions by v, ,;(X, D). Then by dyadi-
cally summing over the range 1 <! < D one deduces that

(3.23) $o(X,D) < X° sup > (X, D).
ISESD 1 ocicr

Given a fixed 1 <1 < D we may suppose, without loss of generality, that
(D, 24— 29) = . Similar to the method of Briidern and Dietmann, we ignore
most restrictions and simply bound the number of solutions satisfying the
congruences

(z§ — zg)(y? - wf) = (mjl - z?)(yg —wd) mod D forall j#3,

with m(x,y,z,w) = .
First, let us bound the number of choices for zs,..., x5, 23,...,2s. In
order for a solution to be counted in 1;;(X, D) it must satisfy

x?—z?EOmodeforaHi%gjgs,

where T; > [. Recalling [5, Lemma 2.4], we deduce that the number of
choices for x3,...,xs,23,...,2s is at most

s—2
(3.24) X2 (1 + Xz—%) .

We apply the same procedure to bound the number of choices for ys, ws,
thus the contribution from these two variables is at most

(3.25) x+e (1 + Xr%) .

Next, with the variables x, ys,z, w3 now fixed, we bound the number of
choices for y4,...,Ys, W4, . . . , Ws in two ways. Note that y4, ..., ys, Wy, ..., ws
must satisfy the following family of congruences

(3.26) (24 — zg)(y? — w;l) = (x? — z?)(ygl —wd) mod D for all 4 < j < s.

By our definition of / one may deduce that there exists fixed integers C}; for
each 4 < j < s such that the system of congruences (3.26) is equivalent to
the following system of congruences

(3.27) y§ —w} = C; mod D/l for all 4 < j < s.
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By considering the exponential sums which count solutions of the system
(3.27) it is easily seen that the number of solutions to (3.27) is bounded
above by the number of solutions to

y?—w?EOmod D/l for all 4 < j < s.
Applying [5, Lemma 2.4] s — 3 times, we deduce that the number of choices
for y4,...,Ys, W4, ..., ws is at most
s—3
(3.28) X (14 X(D/1)7H)

However, one may also apply the same method we used for the variables
X, Y3, Z, w3 and obtain the bound

B s—3
(3.29) Xs-3+e (1 + Xr%> .

Combining (3.24), (3.25),(3.28),(3.29) we deduce that when L/2 <1< L
one has that
(3.30)

s—1
s (X; D) < X2574+e (1 + XL—%) (1 + X min{L "4, (D/L)—%})

s—3

We now list different bounds on v ;(X; D) by considering different cases
relating the relative sizes of L to X442 D2 and DX~9/2

X4t (x[mays if 1 <L <min{X%, D DX %},
X2ite (X L3 Y (X(D/L)" )", if DX~ < L < min{X?, D3},
X2t (x [y if D} < L < X%,

X 2s—dte if X3 <L<D.

Combining this with (3.23) and noting that 2 < 2(s — 2) we deduce

(3.31) bs(X; D) < Xis—8+tepi—3(s=2) 4 xB3s—5te | y2s—dtep)
Utilizing (3.31) with (3.21), we deduce

NQ(A,X) < AszXs <X2s+2d+4 + X38+3 + X45785d(X)) ’

where

1
X/2<z1,y1,21,w1 <X ’
X/2<x2,y2,22,w2 <X
A12>1

We now establish that
(3.32) Z4(X) < X872dte,
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Since A1 > 1, one of terms (z¢ — 2¢)(yd — wd) and (x2 — 2Dy — wd) is

non-zero. Then, it suffices to consider the case (3 — 29)(y¢ —w{) # 0 in the

summation in (3.32). Observe that

(3.33)
i d d ~d d . d ~d
min Ty — 2 X z = min To — X > B
il ox|@ B - @ =)= min - El2 B,
2272 ToF£T2

with B = O(X9~1). Then, by observing that for fixed 23, the function 2% — 24
is monotonic increasing function in x, we infer that

1
Z A12 Z Z Z d cl)_ d d)(yd d)|

71,72 TLEL 2 g1 ) (Y5 — ws (2§ — 28) (yf — wf
Y1,y2 Yy2,w A1 2>1

21,22

wi,Ww2
A12>1

<2 X ¥

L2 sy 1<n<X (yf —wf)
2,W

<<XSZ Z 1+nB wd)

y1,w1 1<n<X

Similarly, the last expression is seen to be

XSZ Z 1—|—nB )

y1,w1 1<n<X

«X D 2 Z E

1<n<X w1 1<m<X

1
X6 _—
< Z 1+ nmB?

1<n,m<X

It follows by the standard divisor estimate that the bound in the last ex-
pression is

1
< Xﬁ-‘re E — < X6+6B_2.
W 14+ nB

Since B = O(X%1), we confirm the claim (3.32). We conclude that
(3.34) No(A, X) < As—2x4s—2d+e <1 4 X203 +X4d—25+4>

Combining (3.20) with (3.34) we deduce the claimed bound.

4. BOUNDS FOR LARGE MODULI

In this section, we provide bounds for large moduli via mean values of
exponential sums that coincide with the counting problem in Lemma 3.1.
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We define here the major and minor arcs. For B > 0, define the major arcs

(4.1) mB) = |J M),
0<a<q<B
(g,a)=1
where

M(g,a) ={a€[0,1): |a—a/q| < BA_IX_d},

and define the minor arcs m(B) = [0, 1) \ 9M(B). Recall the definition (1.1)
of w. Here and throughout, we abbreviate Mt(w) and m(w) simply to I
and m.

Recall the definition of permutation | - | following Definition 1.1. Also,
we recall the definition (2.2) of Zg (X, B) = Zjp ¢)) (X, B) with a given mea-
surable set B C [0,1), b € Z" and ¢ € Z" ™. Recall the definition of

N = (n+2lfl).

Lemma 4.1. Let n = 8s+r with s,r € N and s > 3d and 1 < r < 8 Suppose
that P € Z[x] is a non-singular form in N variables of degree k > 2. Then,
whenever 1 < X2 < A < X4 gnd N > 200k(k — 1)2’“*1, there exists
8" > 0 such that we have
Z ‘I[(bﬁ)](X,m(X‘s))\Q <« AN-k—2-0" x2n—2d
[16]] 0o, lle]l oo <A
P([b,c])=0

Proof. It follows by Lemma 2.3 that

2
Y [T (X, m(X?)]
[16]]0o, lle]loo <A
(4.2) P(lbc])=0

1
< X" / G1(on, az)Y*daday / Ga(B)/4dg.
m(X?9)2 0
Recall the definition of G (aq, az), that is

Gilan,2) = > |Fi(on, a9, b)),

[hllcc<2A
hezN
where
Fl (ala Qag, h’) = Z 6(0[1 <h’7 Vd,n(a:) - 042<h, Vd,n(y)>)'
I<w,y<X
z,YyeL”
On recalling the definition of the permutation [ - |, we write h = [(I,m)]

with I € Z" and m € ZV~". Then, by squaring out and changing the order
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of summations, one deduces by the triangle inequality that

Gi(on, a) < AN Z Z e(U(ar, ag, Lz, 2@ yM 42|
1<z 2@ < x|l <24

2() 4D ezn
where
= a1 (l,vy(@M) = vg(x®)) — @zl va(y™) — va(y®)).

By applying the Cauchy-Schwarz inequality and the triagle inequality, one
sees that

(4.3) Gilan, ag) < AN (X*™V2(A"H (01, a0)) Y2,

where

H(al,ag) = Z

Z e(\I/(al,042,l,w(1)7LI}(Q),y(l)’y(Q)))"

U a0 5@
y Dy
Note that
2 2\ n
(4.4) H(al,ag):< Z Z e(aqlz?) Z e(anly?) ) .
—24<i1<2A1<a<X 1<y<X

For simplicity, we temporarily write H(«aq,a9) = W(aq, az)™, where

Z e(aplz?) Z e(agly?)

1<z<X 1<y<X

2 2

W(Oél,ag) = Z

—2A<I<2A

By substituting (4.4) into (4.3) and that into (4.2), we deduce that

Fy 2

> T (X, m(X%))
bl] oo [l oo <A
P((buc])~0

(4.5) <<AN/4—n/8X3n/2/
m(x&)Q

m(X‘S)Q

1
H(Oél, ag)l/gdaldag . / G2 (,3)1/4615
0

where we have used [13, Lemma 2.10] with [ =1, B =0, 4] = Ay = 24 and
o = 1/4 that whenever N > 200k(k — 1)2¥~!, one has

1
/ G2(6)1/4d6<<A3N/4_k.
0
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Furthermore, it follows by applying the Hélder’s inequality that the bound
in the last expression in (4.5) is
(4.6)

< AN—k=n/8 x3n/2 W (a1, az)’dardag - sup W (s, ag)]T/g.
[0,1)2 (a1,a2)€m(X%)2

By the trivial estimate | >, e(anly?)|> < X2, we deduce by [5, Lemma
4.3] that

(4.7) sup Wiy, an) < AX,
(a1,02)EM(X9)2

with n > 0. Furthermore, since the mean value f[o 1)2 W(ay, ag)®dardas

is bounded above by the number of integer solutions with |a;| < 24 and
|z, lyils |zi], |Jwi] < X satisfying (3.1), we find by Lemma 3.1 that whenever
1< X2 < A< X5 9 one has

(4.8) W (a1, az)’daydog < AS—2Hex4s72d,
[0,1)2

On substituting (4.7) and (4.8) into (4.6), we conclude by (4.5) that

Z ‘I[(bp)] (X, m(X(S)) ‘2 < AN—k‘—QXQn—Qd—(S/’

[Bllocle]loo <A
P([b,c])=0

for some & > 0. Since A < X"~ ¢, we complete the proof of Lemma 4.1.
O

5. BOUNDS FOR SMALL MODULI

In this section, we provide bounds for small moduli using the same ar-
gument as in [13, Lemma 3.8]. However, for the success of the argument
with the relaxed bound on the number of variables n, we slightly modify the
argument.

Lemma 5.1. With the same condition in Lemma 4.1, whenever 1 < X2¢ <
A< X4 and N > 200k(k — 1)2F1, there exists &' > 0 such that we have

> By (X2 \ Mlog X)) [* < ANTH2X 212 (10g 4) 77,

[Blloo, [[€]| 0 <A
P([b,e])=0

for some n > 0.
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Proof. On observing that
M(X°) \ M(log X)
= (M(X?) \ M((log X)) U (M((log X)) \ M(log X))
Ji
_ (U (M2 (log X)%) \ M(2 (log X>9d>>>

j=0 B | |
U <U (27 log X) \ (27 1og X)))
j=0

with J; = O(log X) and Jy = O(loglog X), we deduce by the Cauchy-
Schwarz inequality that

(5.1)
2
> [Za(x m(x%) \ Mo X))|
laflcosA
P(a)=0
< J Z > |TalX, M2+ (10g X)) \W(QJ(logX)gd))‘
770 |aflo<A
P(a)=0
+ J2Z S |Zal(X, (27 og X) \ M2 log X))|°.
J=0 Jla||cc <A
P(a)=0

Now, we analyze the mean value

Y [Za(X.M20Q) \ MQ)I,

lafleo<A
P(a)=0

with log X < Q < X?. For simplicity, we temporarily write

(5.2) ¢ =M(2Q) \ M(Q).
Then, by [13, Proposition 3.4], we deduce that
(5.3)
Y Za(X, @) < ANT/EE T/ / T(ar)"/ 2/ doy / T(az)™?1/3das,
lalloc<A ¢ ¢
P(a)=0

where T'(«a) = Z—AngA‘ZlngX e(ba:cd)|2 with a € R.
Meanwhile, whenever a € €, there exist ¢ € N and a € Z with (¢,a) =1
such that Q) < ¢ < 2@ and

o — a/q| < 2Q(AX%)~!
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Also, for b € Z\ {0} with |b| < A, if we write | = (¢,b), ¢ = ¢/l and b = b/I,

we have

ab

2Qb 2
bor <Q Q

AXd — Xd

Hence, since ¢ < 2Q), it follows by [12, Lemma 2.7] that

(5-4) Y elbaz?) — (@)1 S(G ab)u(8) = O((2Q)*),
1<z<X
q X -
where S(q,a Ze an?/q) and v(B) = /0 e(ByY)dy with 8 = ba — L

Thus, when o € (’:,_ we deduce from (5.4) that

<<X2+ZZ Z (bax?)

2

llg |b|<A '1<z<X
(5.5) (a.b)=1
< X243 > (@7's@ab(d) + 2Q)*).
llg |b|<A

(g,b)=l

By [12, Theorem 4.2], we have a bound S(q/l,a(b/l)) < (¢/1)'~"/% and a
trivial bound v(f8) < X. Hence, on substituting these estimates into (5.5),
we find that

(5.6) T(o) < X2+ ) AX?q P41 4 AQh
lq

The second term » ;. AX?2q2/412/4=1 ishounded above by AX?2q—2/4 2e b

and by the standard divisor estimate, this bound is O(AX?¢~%/4%¢). Recall
that a € ¢, and thus we have the bound Q < ¢ < 2Q with log X < Q < X?.
Furthermore, we recall the hypothesis X2¢ < A in the statement in this
lemma. Hence, it follows from (5.6) that

(5.7) T(a) < AX2Q~/d*e,
Therefore, on substituting (5.7) into (5.3), we obtain the bound

Z 1Zo(X, €))7 < ANT/8=F X/ meg(@)2(AX2Q2/d+e)n/8,
laljc<A
P(a)=0
On noting that mes(€) < Q3(AX?)~!, we conclude that

(5.8) Z o (X, @) <« ANk-2x2n—2d)6-n/(4d)+e

lalle<A
P(a)=0
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We find from (5.8) together with the hypothesis n = 8s + r > 24d in this
lemma that

Z |Ia(Xa ¢)|2 < AN_k_2X2n—2dQ—1/(4d)+E.
lallc<A
P(a):o
Hence, on recalling that J; = O(log X) and J; = O(loglog X), it follows
from (5.1) that

S [rax o)\ miog )| < AN 10 ),

llallcc<A
P(a)=0

for some 7 > 0. On noting that A < X" % in the statement of this lemma,
we complete the proof of Lemma 5.1.
O

6. PROOF OF THEOREM 1.2

In this section, we provide the proof of Theorem 1.2. To do this, we require
two auxiliary lemmas recorded in [13, Lemma 4.1 and 4.2]. In advance of
the statement of the first lemma of these, it is convenient to define the
exponential sum Sg(q) with @ € ZV, ¢ € N by

Sald) = Sala) =47 30 3 (Lhal).

1<b<q 1<r<q

(qb)=1 TeZ"
Lemma 6.1. Let n and d be natural numbers. Suppose that A, B,C are
sufficiently large positive numbers with B < C. Suppose that P € Z[x] is
a non-singular form in Ng, variables of degree k > 2. Then, for any set
C C [B,C)NZ, whenever N > 200k(k — 1)28~1 we have

2 2
Yo D Sala)| < AN (Z e + q4/d)n/16) ’

lallco<A'geC qeC
P(a)=0

Proof. See [13, Lemma 4.1]. O

In advance of the statement of the second auxiliary lemma, we define
00 =Xt [ [ ey,
‘Blgw [071]"7‘

with @ € Z". Furthermore, we recall the definition (1.7) of J%.

Lemma 6.2. Let n and d be natural numbers with n > 8(d + 1). Suppose
that P € Z[x| is a non-singular form in Ng, variables of degree k > 2.
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Then, whenever N > 200k(k — 1)2F~1, we have

Z ’3:; _3a(w)|2 < AN—k—2X2n—2d(w2—n/(2(d+1)) + C)
llalle<A
P(a)=0
Proof. Only difference between Lemma 6.2 and [13, Lemma 4.2] is the choice
of . One readily sees that the choice of ¢ = w4~/ does not harm the
argument in [13, Lemma 4.2], and thus [13, Lemma 4.2] still holds with
¢ = w41/ @), O

The proof of Theorem 1.2 follows the same strategy in the proof of
[13, Theorem 1.1] with ¢ = w*"/®4)_ In order to make this paper self-
contained, we record here this proof again using ¢ = w—4~1/(8d),

Proof of Theorem 1.2. Recall the definition (2.2) and (4.1) of Z4 (X, B) and
M. Then, we find that

To(X, ) = /zm e(0rfal))da

1<xz<X
TeZ™

-y ¥ / e(afa(@))da

1<g<w 1<b<q —bla<3 53 1<w<X
(g,b)=

Recall the definition (6.1) of Jq(w). By applying classical treatments in
major arcs [2 Lemma 5.1] and Writing B =« —b/q, we readily find that

(6 2) Z S + O(A_an_d_l'LUS),
’ 1<g<w
where
1<b<q 1<r<q ( )
(g,b)=

Meanwhile, recall the definition (1.2) and (1.5) of W and &}, and note from
the classical treatment that

s-TI( X sa0h).
p<w “0<h<log, w
If we define a set

Q= {q e (w,W]: for all primes p, p"|q¢ = p" < w}

and define
Ea = 2 Sa(‘])

qeQ
we find from the multiplicativity of Sq(gq) that

(6.3) > Salg) =&}, — Ea.

1<q<w
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Meanwhile, note that
Za(X) = Zo(X, M) 4+ Zo (X, m).

Then, on recalling the definition of J}, we deduce from (6.2) and (6.3)
together with applications of elementary inequality (a+b)? < 2a? + 2b% that

(6.4)
> (X)) - 653517

lallcc <A
P(a)=0
< Y LX) -G+ D [Ta(X m)f
llallo<A lalle<A
P(a)=0 P(a)=0
<KTi+ %+ Y |Ta(X,m)]* + O<A2X2"2d2w10 > 1>,
lallo<A lallo<A
P(a)=0 P(a)=0
where
Si= Y [y and Do = D (8] — Ea)(Jh — Jalw))
lallc<A lallco<A
P(a)=0 P(a)=0

First, we estimate the third and fourth terms of the last expression in
(6.4). Since we have

#{lacZV : ||a||l <A, Pla)=0} < AN7F,
it follows by Lemma 4.1 that

Z ’Ia(X, m),? + O<A—2X2n—2d—2w10 Z 1>

allx<A al|o<A
69 e

< Aka72X2nf2d(logA)76,
with some § > 0.

Next, we turn to estimate the first term of the last expression in (6.4).
From the trivial bound, we have

(66) ‘3Z|2 < XQ(n—d)C—QA—Q — X2(n_d)w8+1/(4d)14_2.
By Lemma 6.1 with k =2, B=w,C =W and C = Q, we have

2
Z |ga|2<<ANk<Z q1+6(q1+q4/d)n/16)

laflco<A qzw

(6.7) P(a)=0

< ANk(Z <q17n/16+6 i qln/(4d)+e>>2.

q>w

Meanwhile, from the hypotheses n = 8s + r with s € N and 1 < r < 8§,
s> 3d and X2? < A < X5 ¢ in the statement of Theorem 1.2, we see that
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n > 24d. Hence, it follows from (6.7) together with the hypothesis d > 4
that
(6.8)

Z |5a‘2 < AN-k (w2—3d/2+w—4—1/(4d)>2 < ANk =8-1/(2d)

lalleo<A

P(a)=0

Therefore, combining (6.6) and (6.8), we conclude that
(6.9) Y, = Z 14352 < AN—h=2 x2n—2d,,~1/(4d),

llaloc<A
P(a)=0

Lastly, it remains to estimate the second term of the last expression in
(6.4). From the trivial bound, we have

(6.10)

2
6% — Eu|* = Z Sa(q)| < w.
1<g<w
Hence, we deduce by applying Lemma 6.2 with n > 24d and d > 4 that
Yy = Z |(6;; o ga)(ﬁ:; _Ga(w))‘Q < AN—k—Q . X2n—2d . ,w—l/(Sd).
lalloo<A
P(a)=0

Then, on recalling the definition of w and substituting (6.5), (6.9) and
(6.10) into the last expression in (6.4), one concludes that

Z |Ia(X) o 6232’2 < Aka72X2n72d(log A)*(S?

lalle<A
P(a)=0

for some § with 0 < § < 1. This completes the proof of Theorem 1.2. O

(1
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